We develop the notion of "entwinement" to characterize the amount of quantum entanglement between internal, discretely gauged degrees of freedom in a quantum field theory. This concept originated in the program of reconstructing spacetime from entanglement in holographic duality. We define entwinement formally in terms of a novel replica method which uses twist operators charged in a representation of the discrete gauge group. In terms of these twist operators we define a non-local, gauge-invariant object whose expectation value computes entwinement in a standard replica limit. We apply our method to the computation of entwinement in symmetric orbifold conformal field theories in 1+1 dimensions, which have an S N gauging. Such a theory appears in the weak coupling limit of the D1-D5 string theory which is dual to AdS 3 at strong coupling. In this context, we show how certain kinds of entwinement measure the lengths, in units of the AdS scale, of non-minimal geodesics present in certain excited states of the system which are gravitationally described as conical defects and the M = 0 BTZ black hole. The possible types of entwinement that can be computed define a very large new class of quantities characterizing the fine structure of quantum wavefunctions.
Introduction
When a quantum system finds itself in a pure state |ψ , the entanglement between a part A of the system and its complementĀ is quantified by the entanglement entropy. In most applications, A andĀ describe the degrees of freedom in complementary spatial regions. In systems with localized degrees of freedom such as spin chain models or local quantum field theory, this corresponds to a natural separation of the total Hilbert space. However, it is also fruitful to consider other ways of separating the Hilbert space.
In [1, 2] , the degrees of freedom of a local quantum field theory were separated into high and low spatial momentum modes. It was demonstrated that in a generic interacting field theory, even in the vacuum state, the long wavelength (low energy) degrees of freedom necessarily find themselves in a nontrivial reduced density matrix because of entanglement with the short wavelength (high energy) degrees of freedom. This gives rise to finite entanglement entropy, which was computed explicitly in perturbative scalar field theories. The more traditional way of describing the low energy degrees of freedom is Wilsonian renormalization. In this language, the vacuum state of a Wilsonian low energy theory is necessarily a density matrix with finite entropy [1, 2] . This phenomenon of UV-IR entanglement in quantum field theories could be particularly important in theories of gravity (in which ultraviolet and infrared degrees of freedom are known to couple in nontrivial ways), as well as in the ground states of strongly correlated electronic systems (see, e.g. [3] ).
This also raises the question whether it is fruitful to consider other non-spatial ways of dividing the degrees of freedom of quantum field theories. One interesting way to separate energy scales is by imagining a collection of local observers who have a finite duration T over which they can make measurements. This is a natural situation to consider, as it describes the practical constraints of most measurements. Intuitively, given Heisenberg's energy-time uncertainty relation, such observers will be insensitive to energies smaller than the inverse duration of the experiment, so that those low energy degrees of freedom are effectively traced out, turning the accessible part of the state into a nontrivial density matrix. Thinking in this way, [4] [5] [6] [7] proposed a new information theoretic quantity, the differential entropy, as a measure of UV-IR entanglement, at least for two-dimensional theories.
These effects should become stronger for theories with an energy gap that is smaller than the inverse spatial size of the system. For example, consider relativistic theories where the local degrees of freedom are matrices, e.g. SU (N ) gauge theories. In such systems the energy gap can be much smaller than the inverse spatial size of the system so that even a set of observers with enough time to observe the entire spatial domain will not have access to the lowest energy excitations. Another example which is easier to visualize is a "long string" theory, where strings or spin chains are multiply wound around a spatial circle, allowing for excitation wavelengths that exceed the system size. In both these examples, the key to the physics lies in entanglement between "internal" degrees of freedom (matrix components, or strands of string) that are not spatially organized.
One way to study the entanglement of gauge degrees of freedom in an SU (N ) theory is to break the gauge group into SU (m)×SU (N −m) while allowing for interactions between the two sectors. This could be realized holographically by separating a stack of N branes into a stack of m and one of N − m branes and studying entangling surfaces in the AdS d × S 10−d geometry which arises in the low energy limit. Such a set-up was first considered in [8] and later refined in [9] [10] [11] . The authors of [9, 10] also considered global symmetries and in case of an SO(11 − d) global symmetry they proposed a quantity in the field theory which would holographically be represented by the area of caps on the internal S 10−d . One important complication that we have glossed over so far is that in systems exhibiting gauge symmetry, even the association of degrees of freedom to spatial regions is subtle. For example, some of the fundamental degrees of freedom, such as Wilson loops, are not local in space, making it more complicated to split up the Hilbert space according to spatial regions. Interesting work on how to define entanglement entropy in gauge theories has recently appeared (see e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ), but a complete understanding is still lacking.
These questions about entanglement in quantum field theory are also linked to equally deep questions about the nature of black hole horizons and the holographic emergence of spacetime. It was proposed in [22] [23] [24] that the entanglement entropy of a spatial region A in the field theory is proportional to the area of the minimal surface in AdS space that ends on the boundary of A. Furthermore, [4] [5] [6] [7] showed that the area of closed surfaces in the bulk of AdS can be related to a measure of UV-IR entanglement, the differential entropy discussed above, at least for two-dimensional boundary theories and higher dimensional cases with translational symmetries -some of the limitations were discussed in [25] . Finally, in [26] [27] [28] [29] [30] [31] it was suggested that spacetime connectedness is related to entanglement of the underlying quantum degrees of freedom, and that the linearized equations of motion of gravity can be derived from the dynamics of entanglement perturbations.
In general, can all of spacetime geometry be reconstructed from spatial entanglement entropy in the AdS/CFT correspondence? At least when we do not consider bulk quantum corrections to the entanglement entropy [32] , the answer is no -in some asymptotically AdS spacetimes, the minimal surfaces anchored on the boundary that geometrically reproduce the entanglement entropy will not penetrate a region [33, 34] which has been called the entanglement shadow [35, 36] . It is argued in [35] that in such systems entanglement can be dominated by "internal" degrees of freedom (e.g. the matrix components, or strands of string discussed above) that are not spatially organized, and that these entanglements can measure the areas of non-minimal, extremal surfaces that can penetrate part of the entanglement shadows of the gravitational dual. In the examples arising in the AdS/CFT correspondence, such internal degrees of freedom are usually gauged. Thus, reconstructing the emergent space in gauge/gravity duality will involve entanglement between "internal", gauged degrees of freedom -a notion that was named entwinement in [35] . While we will not address the question of which part of a general spacetime can be probed by extremal surfaces (see, for instance, [33, 34, 36] ), it is clear that entwinement will often allow the reconstruction of a larger part of spacetime than spatial entanglement entropy. Entwinement also plays a key role in the description of holographic spacetimes using methods of integral geometry based in kinematic space [37] [38] [39] . In summary, both in quantum field theory and in quantum gravity, we are driven to consider a new notion of "entwinement" -non-spatial quantum entanglement between gauged degrees of freedom. In this paper we will define entwinement formally in discretely gauged theories, and discuss how it can be explicitly computed. Section 2 develops the general formalism. For two-dimensional theories, we define entwinement in terms of a replica method using twist operators that are charged under the discrete gauge group. We use these operators to construct a new non-local, gauge invariant object whose expectation value is defined to be the entwinement in a standard replica limit. Section 3 applies this formalism to symmetric orbifold conformal field theories in two dimensions. By explicitly applying uniformization maps, obtained by generalizing a construction of [40] , to the Riemann surfaces arising from the replica method we directly compute entwinement in generic microstates of these theories. We also comment on how to recover the usual spatial entanglement entropy as a special limit of entwinement.
In section 4, we apply our formalism to the weak coupling limit of the D1-D5 CFT, a theory with a holographic dual. Ordinary spatial entanglement entropy in generic classes of the D1-D5 CFT was considered before in [40] [41] [42] . For generic microstates, entanglement entropy was computed approximately using both a short interval expansion [41] and large c methods [42] . In [40] , a specific state corresponding to a local quench was considered, and the evolution of the entanglement entropy was computed using a uniformization map -we generalize the construction for use with other microstates. Although this uniformization map will work for computing single interval entwinement in general microstates, in section 4 to compare with holography we focus on two examples of microstates, which are gravitationally related to conical defects and the M = 0 BTZ black hole, respectively. We demonstrate that the lengths of non-minimal geodesics that penetrate entanglement shadows of the spacetime are computed by certain entwinements. In the same way as spatial entanglement entropy corresponds to minimal extremal area surfaces in the bulk, here entwinement provides a direct field theory interpretation for non-minimal extremal surfaces.
The paper concludes with a discussion of possible directions forward to develop the notion of entwinement in more general situations, and comments on the relation with the appearance of non-minimal geodesics in the semiclassical Virasoro conformal blocks discussed in [43] . A number of technical results are collected in appendices.
Defining entwinement
In a gauge theory, states are required to be symmetric under identifications by the gauge group. The main complication in discussing entanglement entropy in gauge theories is that the Hilbert space does not factorize. For example, for a U (1) gauge theory there is a Gauss law constraint which requires that the electric flux entering a region should determine the flux leaving it. We will be interested in situations where the gauge symmetry is discrete.
Recently various authors have developed a formalism for dealing with this lack of factorization in gauge theories. One method is to consider an extended Hilbert space in which the gauge constraints are temporarily relaxed [12, 13, 16-18, 20, 21] . A way of achieving this is by introducing "edge modes" on the entangling surface [13] . In this approach, the Hilbert space splits into superselection sectors defined by the fluxes at the entangling surface, making the reduced density matrix block-diagonal. The entanglement entropy then becomes a sum of two contributions, a Shannon entropy associated to the distribution over superselection sections and a distillable piece arising from entanglement within each superselection sector. In the same spirit, the approach to entwinement suggested in [35] was to ungauge the theory, compute, and then symmetrize.
An alternative approach is to define a subalgebra of gauge invariant observables O A associated to the region A. Then, given a density matrix ρ for the full theory, the reduced density matrix ρ A is defined as the element of the subalgebra of region A such that Tr(ρ A O A ) = Tr(ρO A ) for all O A [14, 15, 19] . In this formalism, the reduced density matrix splits into blocks according to superselection sectors determined by the center of the subalgebra. An algebraic approach to entwinement was recently proposed in [44] , where it was shown that for a spin system the entwinement could be recovered from a state-dependent subalgebra.
A third approach, which works for states that can be constructed by a Euclidean path integral, is the replica trick. In this case, the entanglement entropy is computed by analytically continuing the Rényi entropies. In two dimensions this approach is particularly convenient and the Rényi entropies can be defined in terms of the correlation functions of twist operators that splice together replicated copies of the CFT. At least for the case of 2d Yang-Mills theory in de Sitter space, it was verified in [16] that the replica method gives the same result as the extended Hilbert space method described above. Below we will define entwinement along these lines.
As a working example, consider a CFT with target space M N /S N . The CFT contains N sets of fields, where each set can be viewed as coordinates on one copy of the manifold M , together with companion fermions in case of a supersymmetric theory. The S N indicates that we identify configurations that differ by permutations of these N sets of fields. This is similar to the way one treats indistinguishable particles in quantum mechanics: wavefunctions need to be appropriately symmetrized under permutations. The S N identification is really a discrete gauge symmetry. We can gauge fix the local symmetry and think of the fields as changing continuously from point to point (i.e., each of the N copies of M has a continuous string embedded in it). The theory has so-called "twisted sectors" in which strings are only periodic up to permutations. A twisted sector is labeled by a conjugacy class, which is characterized by the lengths of its permutation cycles: there will be N m cycles of length m such that m N m m = N . Each cycle is referred to as a "long string" because it can be visualized as a string winding m times. We will refer to each winding of the long string as a "strand".
The conventional spatial entanglement entropy of an angular interval of size α can be thought of as the entanglement entropy of the union of intervals of size α in each of the N strands of the system. Following the proposal of [35] , we want to define entwinement as the entanglement of intervals that extend over some strands and not others. For example, one can talk about the entwinement of an interval on a single strand. If one considers the entwinement of a union of identical intervals in each strand, then it reduces to the conventional spatial entanglement. Because there is a gauge symmetry, we cannot invariantly specify which strand we are talking about. But, as we will argue below, we can meaningfully talk about things like "the entanglement of one and a half connected strands". Likewise, while one cannot invariantly ask for the entanglement of a particular strand, one can ask for the entanglement of a single strand if we do not specify which one it is. This invariance can be made manifest by simply averaging the computation of entanglement of a single strand over all the strands. It is worth emphasizing that this average is not the same thing as the entanglement of the union of such intervals. Below, we will give a mathematical definition of such quantities.
Replica trick -generalities
A useful method for computing entanglement entropy in two-dimensional conformal field theories is the replica trick. In this method, the entanglement entropy of an interval [0, α] is computed from the reduced density matrix for this region ρ α by taking a limit of the Rényi entropies:
Consider a two-dimensional CFT in the plane in Euclidean signature. In radial quantization, circles of fixed radius become equal time slices. An operator σ acting at the origin creates a pure state, and we can find the wavefunction at t = 0 by performing the path integral with the operator inserted and fixed boundary conditions at the unit circle. The density matrix ρ(φ, φ ) corresponding to such a pure state is then computed by inserting operators at the origin and at infinity in the path integral, and imposing boundary conditions φ and φ on the interior and the exterior of the unit circle, respectively. The reduced density matrix for the interval [0, α] is computed by tracing over the complementary part of the unit circle (i.e., setting φ = φ in the complementary region and then integrating over φ there). This leaves us with a path integral over the entire plane, except over the arc corresponding to the interval [0, α], as depicted in figure 1. To compute Tr(ρ n α ) we consider n copies of the plane cyclically glued together over the cut [0, α] producing an n-sheeted Riemann surface as in figure 2 (left). This can alternatively be obtained as a correlator of Rényi twist operators Σ (n) computed on a single sheet of the n-fold cover of the theory, CFT n /Z n , as represented in figure 2 (right). The n fictitious copies of the CFTs are called "replicas". Each of the n copies of the CFT is placed in the same state. The Rényi twist cyclically splices together the n CFT copies, such that dragging a field from one CFT around the cut produces a field in the next copy of the CFT.
Below we will illustrate this procedure in symmetric product CFTs with target space M N /S N and show how entwinement in these theories can be defined in a similar manner. We will then generalize the definition to apply to more general discretely gauged theories in two dimensions. Now take the CFT to be a symmetric orbifold with target space M N /S N for some M . As discussed above, this CFT can be regarded as having N elementary strands spliced together into series of cycles ("long strings") determined by the twisted sector. The twist operator can therefore be regarded as a product of elementary twists
where each Σ (n) i splices together the n replica copies of the ith strand. Each elementary twist is in the fundamental representation of S N . Thus we can write for any
where g(i) is the strand produced by permuting i by the action of g. The twist operator appearing in the computation of entanglement entropy (2.2) is a product of all the elementary twists and hence is invariant under the action of S N . The twists configuration that computes the entanglement entropy is depicted in figure 3 (left). We can define entwinement formally in terms of the elementary twists. Take Σ i to be an elementary twist operator for strand i and consider the bilocal combinatioñ
where for compactness we have only written the holomorphic coordinate andΣ i is the conjugate twist. In this bilocal operator the Σ i is taken around the complex plane relative toΣ i by an amount α + 2π . In a specific state of the symmetric orbifold the ith strand is generally spliced with k other strands into a long string. In such a state the twist Σ will be inserted on a different strand, as represented on the right of figure 3. We then consider the bilocal, gauge-invariant quantity 1 5) where |S N | is the cardinality of S N , i is any reference strand of the CFT, and g(i) is the strand to which i is transported when all the strands are permuted by g ∈ S N . Because we are summing over all permutations in S N , the final quantity is independent of i. Its expectation value computes the Rényi analog of entwinement of single intervals. When > k (k being the number of strands of the specific cycle, i.e. long string, in which the strand g(i) lives) we mean the operator in the sum in (2.5) to represent the twisted boundary conditions of the replicated set of fields on the full long string. Intuitively, we can imagine starting from a short interval on a single strand and putting twisted boundary conditions on the fields inside the interval. Enlarging the interval until it eventually covers the full string, i.e. α + 2π = 2πk, represents putting twisted boundary conditions on the fields on the full string. Further increasing the interval to α + 2π > 2πk does not change this picture and just keeps all fields on the long string twisted, nothing more. Keeping this in mind, we can define the entwinement as
For symmetric product orbifolds this is just a formal way of saying that we are calculating the entanglement entropy of a connected set of partial strands in a long string. This definition of single interval entwinement can be generalized to multi-interval entwinements by taking a product of operators like (2.5) defined at different locations and strands. A particular example of multi-interval entwinement is entanglement, where we take a product of the same interval with α < 2π in each of the N strands. The formalism described above is general. We can consider theories with any discrete gauge symmetry H, and elementary twist operators in any representation R of H that is useful. These can be used to define bilocal, gauge invariant twist operators of the form (2.5) and products of such operators. Entwinements defined as expectation values of these quantities are a very general new class of gauge-invariant objects than can be used to characterize quantum wavefunctions in two-dimensional theories. Conceptually we can also talk about the entanglement of subsets of degrees of freedom in a spatial region even in higher dimensional theories on any manifold, but we need a formalism for calculating such quantities efficiently.
In the next section we will use the replica method to explicitly compute entwinements in symmetric orbifold conformal field theories in two dimensions.
Entwinement in symmetric orbifold CFTs
In the following we analyze symmetric orbifold CFTs on a circle of length L. These are obtained starting with a seed CFT with target space M and central charge c. The orbifold theory C = CFT N /S N has target space M N /S N and central charge c N = cN . Because of the S N identification, states need only be periodic up to the action of a group element. In a sector twisted by h ∈ S N , the boundary conditions are
where here φ i collectively indicates the fields in the i-th copy of the CFT. All physical states should be invariant under the action of S N . Since acting with a group element g maps the sector twisted by h to that twisted by ghg −1 , twisted sectors should really be labeled by conjugacy classes [h], as mentioned in the previous section.
Twisted states can be conveniently obtained through the action of orbifold twist operators on untwisted states. An orbifold twist operator σ m (0) at the origin of the complex plane causes m copies of the target space M to be linked together by the periodicity condition
Here j = 1, . . . , m, and the twist operator can be thought of as linking m strands of string, each with period 2π, into a single long string with period 2mπ. We will be interested in twisted states of the form
where each σ m acts on a different subset of the N copies of the target space M . Thus, there will be N m long strings of period 2mπ and m mN m = N . In radial quantization this prepares a state on the spatial circle, and the corresponding out state is
whereσ m has opposite action to σ m . The twists transform as primaries with conformal weights
We wish to define entwinement in such twisted states of the symmetric product CFT.
In radial quantization we can specify a connected entangling region at a fixed time t = 0 by an arc on the unit circle. As explained in the previous section, entwinement in twisted states of the form (3.3) can be computed using the replica trick, by inserting elementary replica twist operators, Σ i . Such twists act each on a single strand out of the N strands in the CFT and can be thought of as connecting the n-fold Rényi replicates of that strand. The elementary replica twists, Σ i , have conformal weights
We insert the elementary twists at the endpoints of the chosen interval of length α + 2π and average over the symmetric group, which moves the left boundary of the interval over all strands while keeping the length of the interval fixed. The state of the replicated theory, |Ψ , is obtained inserting orbifold twist operators for each of the n replica copies of the theory,
i.e., by taking products of (3.3) for each of the n replicated theories. In terms of |Ψ , we can write
where we have taken the entwinement interval to extend between 1 and x in the complex plane; in the notation of the previous section, x = e iα . As before, since we are averaging over S N , the result is independent of the arbitrary choice of the initial strand i, which can run from 1 to N . This correlator is a four-point function in the cyclic orbifold theory C n /Z n obtained taking n replicas of the original symmetric orbifold C = CFT N /S N . At the practical level then, the computation above simplifies drastically. Consider a term in (3.8) where the strand g(i) = k is embedded in a particular long string with m strands, which we relabel here as 1, 2, . . . , m for convenience. Let us define a notation
where the subscripts k and k + are understood modulo m because of the cyclic symmetry of the m-stranded long string. Then we have to compute terms like
As discussed in the previous section, if the long string is shorter than the interval in question, i.e., 2πm < α+2π , (3.10) is understood as computing how the entire long string is entangled with the rest of the system.
Single interval entwinement
To evaluate the entwinement of a single interval we must therefore compute the correlator
The branching structure of the correlator is effectively mn-dimensional as illustrated in figure 4 , and we can label the twist fields in terms of these mn sheets involved in the correlator: The correlator (3.11) can be evaluated through a uniformization map to a covering space. To compute the map we extend a calculation of [40] , which dealt with the case m = 2. We first observe that the branched covering has spherical genus, as determined by the Riemann-Hurwitz formula
The sum is over the twist insertions in (3.11) of length r i , and s = mn is the total number of sheets involved in the correlator. An explicit formula for such twist correlation function in terms of the properties of the uniformization map to a genus zero surface is worked out in appendix D of [45] (see also [46, 47] ). In appendix A, we review these results and apply them to the computation of single interval entwinement. Our final result is (see eq. (A.26) in the appendix)
with A = x 1/m e 2πi /m and c the central charge of a single copy. To obtain the entwinement of an interval of opening angle α on the spatial circle w ∼ w + L, we only need to relate the result (3.15) obtained on the plane to the computation on the cylinder, with elementary replica twists inserted at w = 0 and w = αL/(2π). Using the map z = e 2πiw L :
k+ (x,x)|Ψ (3.16) with x = e iα ,x = e −iα . If we explicitly insert a UV cutoff U V to regulate the twist operators and work out the sum over all elements in S N , we obtain
The sum in the first term extends over long strings with + 1 and more strands, because shorter strings are completely covered by intervals of length α + 2π . The contribution from each of these shorter strings computes the entanglement of the string with the rest of the theory. Since the short string is by construction disconnected from all other strands in this particular twisted sector, its entanglement entropy will not have the dominant UVdivergent contributions that are present for the longer strings with + 1 and more strands. In formulas, if one sets α + 2π ≈ 2πm up to a contribution of order U V , the occurences of the cutoff will cancel in (3.17) between 1/ U V and the sine, yielding a cutoff-independent result, which is small compared to the cutoff-dependent terms arising from long strings longer than the interval.
Entanglement entropy of a spatial region
The entanglement entropy of an interval is a specific case of computing entwinement. The gauge invariant twist operators are decomposed into products of twist operators on each strand as in (2.2), and the entanglement entropy of a spatial interval can be expressed as
18) In the perspective of entwinement, entanglement entropy coincides with the entwinement of the union over all strands of an interval that fits within a single strand. Clearly, as this quantity is already gauge invariant, the sum over S N appearing in the entwinement definition exactly cancels the normalization |S N | −1 . In fact the entanglement entropy for a state of the form (3.3) is not known in general. For instance the branching structure of the correlator leads generically to a covering space of non-trivial genus, and thus one cannot straightforwardly apply the same techniques we used for computing entwinement. However, in the limit of a short interval (x,x → 1), using the OPE of the elementary twistsΣ
2Hn the correlator factorizes. Via the conformal map to the cylinder, the result reproduces the short interval expansion of the entanglement entropy for a CFT on a circle of length L with central charge c N = cN , (3.19) This is N times the single strand ( = 0) short interval expansion (α → 0) of the entwinement result given in (3.17) . This reflects the fact that = 0 entwinement computes the entanglement for a single factor in the symmetric product orbifold theory, while entanglement entropy simultaneously involves fields in all N factors.
D1-D5 CFT
A well-known example of a symmetric orbifold CFT is the D1-D5 CFT. This is realized in type IIB string theory compactified on S 1 × T 4 (or S 1 × K3), with N 1 D1-branes wrapping the circle and N 5 D5-branes wrapping the entire compact product space. The near horizon geometry of the D1-D5 brane system is AdS 3 × S 3 × T 4 , and one can formulate a two-dimensional CFT at the conformal boundary of the AdS 3 . This is an N = (4, 4) supersymmetric sigma model with SU (2) × SU (2) R-symmetry, corresponding to the isometry group of the S 3 , another SU (2) × SU (2) global symmetry and central charge equal to 6N 1 N 5 (see for instance [45] for a review). The moduli space of the CFT contains an orbifold point where the theory consists of N ≡ N 1 N 5 copies of a c = 6 free CFT of 4 real bosons and their fermionic superpartners with target space (T 4 ) N /S N . We will work at the orbifold point of the D1-D5 CFT and focus on the Ramond ground states. These can be constructed by multiplying together bosonic and fermionic twist operators to achieve a total twist of N . The theory contains eight bosonic and eight fermionic twists labeled in terms of the global symmetries. Since we are only interested in computing correlators of bosonic quantities that do not carry R-charge, we can simplify the discussion and generically consider the normalized symmetric orbifold microstates (3.3). In this section we will consider two examples of such states, which in the large N limit are dual to conical defects and zero mass BTZ black holes in the bulk (see [48] for discussion of the map between Ramond ground states of the D1-D5 system and AdS 3 gravity).
1 Points in the moduli space with a geometric supergravity description are actually far from the orbifold point where we perform our computations, and agreement with semiclassical gravity is not to be expected a priori. However protected BPS quantities can be computed exactly at the orbifold point and it has been proposed that agreement should extend also to observables computed in terms of covering space constructions [49] .
Conical defects
Simple Ramond ground states of the D1-D5 CFT are of the form [46, 47, 50] 1) where N/m is an integer. The holographically dual bulk geometries are conical defects
where θ is a periodic coordinate and the AdS radius is related to the length of the spatial circle introduced in the previous section via R AdS = L/(2π). These geometries can be obtained from empty AdS 3 in global coordinates via Zm identifications. For a single interval of opening angle α on the boundary, there exist multiple geodesics connecting the endpoints of the interval. These have regulated lengths [35] L (α) = 2R AdS log 2mr
3)
The index = 0, . . . ,m − 1 counts the number of times the geodesics winds around the conical defect at r = 0. Here r ∞ is an IR gravitational cutoff. Identifying it with the field theory cutoff
and substituting c = 6 in (3.17), we find the relation between entwinement in the state (4.1) and geodesic lengths
Therefore in this case, the field theory notion of entwinement computes the length of geodesics in AdS, in agreement with the idea advanced in [35] that non-minimal geodesics in the bulk capture the entanglement of internal degrees of freedom. Ordinary entanglement entropy on the other hand is related to the length of minimal geodesics, in agreement with the Ryu-Takayanagi formula [22] 
Since the D1-D5 central charge is cN = 3R AdS /(2G N ), the entanglement entropy of an interval coincides with N times the = 0 single interval entwinement E 0 .
Zero mass BTZ black hole
One could wonder whether the length of long geodesics also captures entwinement in a black hole background. We will show this is indeed the case in the zero mass BTZ black hole 6) which arises in them → ∞ limit of the conical defect geometry (4.2). The M = 0 black hole has a horizon of zero size which coincides with the singularity. The M = 0 black hole geometry is not dual to a particular CFT microstate, but rather to an ensemble of states of the D1-D5 CFT with fixed N . Following [50] , instead of working with the microcanonical ensemble, it is more convenient to work in the canonical description where N m as well as the total number of strands fluctuate, but the ensemble average is fixed to N . The average number of m-cycles is [50] 
where the inverse fictitious temperature β is determined in terms of the average N of the total number of strands, as
In the large N limit, typical states in the ensemble have individual twist distributions that lie very close to (4.7) and expectation values of observables in a typical state deviate by only a small amount from those computed in the ensemble. In the following, we therefore compute entwinement in a typical state with representative distribution (4.7), rather than in the ensemble. The single interval entwinement in a typical microstate is again given by (3.17). As we prove in appendix B, for fixed α and , the sum over m is dominated by the terms with
Black holes admit a region outside the horizon which is not penetrated by minimal geodesics, which we can call the entanglement shadow of the black hole. Just as in the case of the conical defect, non-minimal geodesics penetrate the entanglement shadow. The non-minimal geodesics wind around the horizon and the bigger their winding number, the closer they wrap the horizon. The M = 0 BTZ black hole has a horizon that shrinks to zero size, but nevertheless it has a finite entanglement shadow. The lengths of non-minimal geodesics in the M = 0 BTZ black hole background are given by
Using again that c = 6 and r ∞ = L 2π
, we recover that entwinement and geodesic length are related by
As → √ N , the relation between entwinement and geodesic length breaks down. But the corresponding long geodesics, which wind very many times around the black hole, approach the horizon to within a Planck length. It is not clear that they are well defined in the quantum theory where we expect classical geometry to be ill-defined at the Planck scale. Hence it is not surprising that the lengths of these geodesics do not match the corresponding entwinements.
Discussion and outlook
We have verified the correspondence between single-interval entwinement and lengths of non-minimal geodesics in conical defects and M = 0 BTZ black holes, which correspond to specific states of the D1-D5 system. We studied these configurations because there are explicit constructions of the corresponding states in the literature [50] . Furthermore, these states are BPS-protected ground states in the Ramond sector of the theory [48, 49] , so that we can expect non-renormalization of some quantities as we deform the theory away from its orbifold point. Of course this does not mean that all correlation functions extrapolate from weak to strong coupling, but we were essentially computing partition sums after a conformal map, which might help explain the agreements we found between field theory and gravity. It has also been seen that certain graviton correlators computed at the orbifold point do match the gravitational results which are related to the strongly coupled theory [50] . Possible general reasons for such matching are discussed in [49] . It should be possible to extend our computations in at least two interesting directions. First, we can consider the general R-charged Ramond ground states of the D1-D5 CFT. The M = 0 BTZ black hole and the conical defects considered here were two specific examples of such states, but a more general class is discussed in [50] , including candidate states describing "black ring" geometries. Another interesting extension is to consider rotating, but extremal, AdS 3 black holes. These are represented in the D1-D5 CFT by adding energy to the left moving sector alone. One approach would be to add a small left-moving temperature; another would be to perturb the theory with a holomorphic stress tensor. Both of these are settings where it would be very interesting to compute both spatial entanglement and entwinement.
While in this paper we have mostly focused on 2d symmetric orbifold CFTs, our definition (2.6) of entwinement can be extended to more general discretely gauged theories. Consider, for instance, the discrete rotation orbifold IR 2 / N with N > 2. In the sector twisted by the generator of N , the target space coordinates satisfy
We can extend the range of the σ coordinate in X(τ, σ) to 0 ≤ σ < 4π by defining
A twisted sector string is then determined by the "long string" profile X(τ, σ) with 0 ≤ σ < 4π, which satisfies the boundary condition
Entwinement defined in analogy with (2.6) then quantifies how one part of this long string is entangled with its complement. There does seem to be an important difference, however, with symmetric orbifold theories. For the above rotation orbifold, we could equally well have defined entwinement by considering target space coordinates X , Y related to X, Y by rotation in field space over an arbitrary angle. Entwinement defined using long string profiles X (σ) would generically be different from that defined using X(σ), reflecting the basis dependence of measures of quantum entanglement in general. In contrast, for symmetric orbifolds the requirements that the target space coordinates should be mapped into each other by permutations and should have diagonal kinetic terms does select a preferred notion of entwinement. It is interesting to ask for which gauge theories our definition of entwinement leads to "natural" quantities, including quantities with a clear geometrical meaning in a holographic dual. Other generalizations worth studying are continuous gauge theories, higher dimensional theories and matrix models. Note that entwinement, as we defined it, measured the lengths of geodesics in units of the AdS scale, rather than in units of the Planck length (which is related to the three dimensional Newton constant G N ). In the original formulation of holographic entanglement entropy [22, 23] , it seemed natural that G N should appear in the formulas, in analogy with black hole entropy which is measured by horizon area in units of G N . Of course field theories with a holographic dual having a classical description generally have a large number of local degrees of freedom arising from e.g. dynamical variables that are large matrices. The entwinement that we are defining seeks to piece apart the entanglement of some of these local degrees of freedom (e.g. parts of the local matrices) with other elements of the Hilbert space. As such, we are extracting the elementary parts out of which spatial entanglement arises in such quantum field theories. These elementary entanglements are correspondingly smaller, and are thus related to geodesic lengths measured relative to a length scale that is much larger than the Planck length. One might ask if single interval entwinement can ever be of the same order of magnitude as the spatial entanglement as we make the interval size larger. At least in the 2d CFT states we considered, this cannot happen because entanglement between different long strings is negligible and within a single long string entanglement only depends logarithmically on the interval size. This could be different in excited or thermal states where there could be extensive contributions to entanglement, or in theories with less local interactions such as matrix models. It is also interesting that the fundamental object (2.6) from which we construct entwinement is non-local. This recalls the discussion in [51] of the relevance of non-local observables in field theory for reconstructing local physics in AdS space in a gauge-invariant manner.
One of our goals in this paper has been to define the field theoretic dual of extremal, non-minimal geodesics in AdS 3 . These geodesics also appear in the semiclassical CFT computation of Rényi entropies in terms of the conformal block expansion of heavy-heavylight-light correlators [43] . There it was shown that the single interval entanglement entropy in a state created by heavy operator insertions, and dual to an AdS 3 conical defect or BTZ, is well approximated by the semiclassical identity block and reproduces the RyuTakayanagi minimal geodesic result. This leading answer for the four-point function however has monodromies as the Rényi twists are moved around the heavy operators in the CFT. These monodromies transform the minimal geodesic result into quantities related to the length of non-minimal geodesics. Therefore in this context non-minimal geodesics are also related in the dual CFT to analytic properties of semiclassical Virasoro blocks. 
A Twist correlator
In this appendix we briefly review the result described in [45] for general bare twists correlators with covering space of spherical genus, and apply them explicitly to the computation of the correlator in Eq. (3.11),
where, since the strands are indistinguishable, we have set without loss of generality k = 1. Consider a general correlator of P + Q normalized twists,
where p i , q j denote the lengths of the symmetric group cycles of the corresponding operators, inserted in the finite z-plane and at infinity, respectively. We restrict attention to correlators of genus zero,
where, as in the main text, s denotes the total number of copies. The map to the covering space z = z(t) should be meromorphic and reproduce the correct monodromies corresponding to the twist insertions
to leading order near each branch point. The correlator (A.2) can then be shown to depend only on the coefficients a i , b j and parameters p i , q j and to be given by [45] 
where
is the number of distinct images of infinity and c denotes the central charge of the seed CFT. Specializing to the correlator (A.1), we have
and a map that satisfies these properties is
In order to completely fix the map that computes the correlator (3.11), we choose the branch requiring that for two elementary replica twists in (A.1) acting on the same strand, i.e. for = 0, A → 1 as the interval size goes to zero. We then impose continuity as we increase the interval size and take x times around the unit circle in the complex plane, that is A = e From this expression we can directly determine the coefficients
(A.14)
To work out the remaining coefficients a i , we consider the first derivative
To evaluate explicitly the products, observe that from (A.11), (A.12), (A.15) we can derive the following identities 
(B.6) with γ < 1/2 and γ > 1/2. We now observe that the first and last integral vanish in the large N limit.
• For x ∈ [0, N γ−1 ), or m ∈ [0, N γ ), and γ < 1/2:
• For x ∈ [N γ −1 , ∞), or m ∈ [N γ , ∞), and γ > 1/2: for all finite not scaling with N .
